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Abstract. We study the C*-algebra An,e generated by the Anzai flow 
on the 71-dimensional torus T". It is proved that this algebra is a sim- 
ple quotient of the group C*-aIgebra of a lattice subgroup S„ of a 
(n + 2) -dimensional connected simply connected nilpotent Lie group F„ 
whose corresponding Lie algebra is the generic filiform Lie algebra fn. 
Other simple infinite dimensional quotients of C*{T)„) are also charac- 
terized and represented as matrix algebras over simple affine Furstenberg 
transformation group C*-algebras of the lower dimensional tori. The K- 
groups of the An,e and other simple quotients of C* (Sn) are studied, the 
Pimsner-Voiculescu 6-term exact sequence being a useful tool. The rank 
of the if-groups of An.e is studied as explicitly as possible, and is proved 
to be the same as for more general transformation group C* -algebras of 
T" including the Furstenberg transformation group C*-algebras Apfg- 
An error (about these /f-groups) in the literature is addressed. 

1. Introduction 

In 3 dimensions there is a unique (up to isomorphism) connected, simply 
connected, nilpotent Lie group, which we call G3 (following Nielsen j21j^: 
G3 ( = as a set) is the Heisenberg group with multiplication 

{k, m, n){k' ,m' , n') = (k + k' + nm' , m + m' , n + n'). 

The faithful irreducible representations of the lattice subgroup H?j ( = as 
a set) of G3 generate the irrational rotation algebras Ag. In 4 dimensions 
there is also a unique such connected group G4, in 5 dimensions there are 
6 such groups G^^i for 1 < i < 6, and in 6 dimensions there are 24 such 
groups Ggj for 1 < j < 24. The main thrust in jl7[ 1181 119j was to find 
cocompact subgroups C G4, H^^i C Gs^j, and -ffe.io C G6,io, that would 
be analogous to C G3, and then for these H's to identify the infinite 
dimensional simple quotients of C*{H), both the faithful ones (generated 
by a faithful representation of H) and the non- faithful ones, and also to give 
matrix representations over lower dimensional algebras for as many of the 
non-faithful quotients as possible. 

The most attractive concrete representations on L^(T) of the irrational 
rotation algebras Ag (for irrational 9), the infinite dimensional simple quo- 
tients of the group G*-algebra C*{H^), use the rotation flow (Z, T), v 1— > Xv, 
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on the circle T (with A = e^'^*^). The analogous 2, 3, and 4 dimensional (An- 
zai) flows, generated by {w,v) i— > (XwjWv) on T^, {x,w,v) {Xx,xw,wv) 
on T^, and {y, x, w, v) \—>- (Ay, yx, xw, wv) on give the analogous concrete 
representations of the algebras A^, ^e'^; and A^g^^ on L^(T^), L^(T'^), and 
L^{T^) of simple quotients oiC*{Hi) [T71, C*{H^^^) [H], and C*{Hq^io) 

The i^T-groups of = Aq were computed in and and those 
of the Heisenberg C*-algebra Ag were studied by J. Packer in |^ (where 
it is referred to as class 2). Since Ag'^ is isomorphic to a crossed product 
C{T^) XI o- Z as in ^S], S. Walters in used the Pimsner-Voiculescu six 
term exact sequence [21] to compute its ii'-groups, and in order to calcu- 
late the action of the underlying automorphism a of the crossed product 
on K^{C{T'^)) he made use of Connes' non-commutative geometry involving 
cyclic cocycles and the Connes-Chern character. Application of this method 
to compute the ii'-groups of Ag'^^ and its higher dimensional analogues is 
much more difficult, and no computations for these cases seem to have been 
attempted. In Section 6 this problem will be discussed in a general form via 
another approach (looking at K^:(C(T"')) as an exterior algebra over Z"); we 
have calculated the i^'-groups of An,e for 1 < n < 11 (see Table 1). 

In the present paper, we consider the n-dimensional Anzai flow JT = 
(Z,T'^) generated by the Anzai transformation 

a : {vi,V2, ...,Vn) I > {Xvi,ViV2, . . .,Vn-lVn) 

with A = e^'^*^ for an irrational 9, and the associated operator equations 

(CR)„ [U,Vi] = X, [U,V2] = Vi, [C/,K]=K-i. 

We show that the group 2)„ (2)i = H3, D2 = H4, 2)3 = ^5,5, and 2)4 = 
-f^6,io)i to which these are related, is a cocompact subgroup of a connected 
(n + 2)-dimensional group F„ {Fi = G3, F2 = G4, F3 = ^5^5, and F4 = 
Gq^iq). In Theorems 13.11 and 14.21 the infinite dimensional simple quotients 
of C*{Dn) are identified and displayed as C*-crossed products generated 
by minimal actions. The faithful ones using the flow are called An,9 
{Ai^e = Ag, A2fi = Ag, A'ifi = ^g'^, and A^fi = -^e^^), and the others using 
suitable modiflcations of J- are called 4"\4"\...,4"2i. The non-faithful 

ones Al are displayed also as matrix algebras over simple C*-algebras from 
groups of lower dimension ( Theorem 15. 8j) : these groups are certain subgroups 
of for i = 1, 2, . . . , n — 1. These C*-algebras are completely classified in 
Corollarv 16 . 201 bv i('-theoretic invariants, namely the ranks of the ii'-groups 
and the range of the unique tracial state. In Section 6, we make use of the 
algebraic properties of K*(C(T")). More precisely, i('*(C(T")) is an exterior 
algebra over Z"" with a certain natural basis , and the induced automor- 
phism a.f is in fact a ring automorphism, which makes computations much 
easier. In fact, it is shown in Proposition 16. II that the problem of finding the 
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-f^-groups of any transformation group C*-algebras of the tori is completely 
computable in the sense that one only needs to calculate the kernels and 
cokernels of a finite number of integer matrices. 

We have learned that a similar method was used by R. Ji in his Ph.D. 
thesis ^1 unpublished] to study the -fC-groups of the C*-algebras Ap^ ^ as- 
sociated with the descending Furstenberg transformations Ff^g on tori. He 
has computed a 2-dimensional case Uni Corollary 2.20] (which includes Aj), 
and has made a claim jl21 Proposition 2.17] about the form of the torsion 
subgroup of K^{AFj,g) that is not true in general (see Remark 11.61 below), 
and does not deal with the rank of the ET-groups. Thus the X-groups of 
Apf g (including An,e) have not yet been calculated in general. In Corollary 
16.21 the i^-groups of any transformation group C*-algebra of an n-torus are 
proved to be finitely generated with the same rank. In the case of An^e^ 
this common rank is called a„, and is studied in detail in Section 6, and 
given as explicitly as possible via generating functions f Theorem I6.35|) . It 
is proved in Theorem 16.161 that a„ is the common rank of the -fC-groups of 
many other transformation group C*-algebra of T*^ as well, including the 
C*-algebras from Furstenberg transformations on T*^. An explicit formula 
for the torsion parts of the i^-groups of these algebras seems much more 
challenging to find. 

To present the results and proofs of the paper, especially for Section 6, 
we need some definitions about transformations on the tori and the corre- 
sponding C*-crossed products. 

Let T" denote the n-dimensional torus with coordinates {vi,V2, ■ ■ ■ ,Vn)- 
We consider homotopy classes of continuous functions from T" to T. It is 
known that in each class there is a unique "linear" function f{vi, . . . ,Vn) = 
v'^vl^ ■ ■ ■ ^n"> • • • ) &n £ ^- Following [H p. 35], we denote the exponent 

which is uniquely determined by the homotopy class of /, as 6j = ^i[/]. 

Definition 1.1. An afRne transformation on T" is given by 

a{vx,V2, ...,Vn) = 

/ 27riti 6ii b„i 2nit2 bi2 „,6„2 Jinitn bin „,bnn\ 

where t := (ti,t2, ■ ■ ■ ,tn) G and A := [hij\nxn G GL(n,Z). We identify 
the pair (t. A) with a. 

Note that any automorphism of T" followed by a rotation can be expressed 
in such a fashion. The set of affine transformations on form a group 
Aff(T"), which can be identified with the semidirect product M" x GL(n,Z). 
More precisely, for two affine transformations a = (t. A) and a' = {t', A') on 
T*^, we have 

aoa = {t + At', AA') and a"^ = (-A~4, A"^). 
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(In the expression At, t is a column vector, but for convenience we write it 
as a row vector.) 

We have the following definitions in accordance with ^2]. These trans- 
formations of the tori appear in applications of ergodic theory to number 
theory [3], and sometimes are called skew product transformations of the 
tori. 

Definition 1.2. (a) A Furstenberg transformation Ff ^ on T"^ is 

given by 

Ff, e{vi,V2, ...,Vn) = (e^''*^wi, fl{vi)v2, f2{vi,V2)v3, . . . , 

fn-l{vi, ■ ■ ■ ,Vn-l)Vn), 

where is a real number and each /j : T* — > T is a continuous 
function with ^ for i = 1, . . . , n — 1. 

(b) An affine Furstenberg transformation on T" is given by 

where is a real number and the exponents hij are integers and 
6j,i+i 7^ for i = 1, . . . ,n - 1. 

(c) An ascending Furstenberg transformation on T" is given by 

a{Vi,V2, ...,Vn) = {e Vi,V-^^'V2,V2'vs, . . . Vn), 

where is a real number and the exponents ki are nonzero integers 
and ki \ ki^i for i = 1, . . . ,n — 2. 

(d) In (c), if ki = 1 for i = l,...,n — 1, the transformation is called the 
Anzai transformation on T". Thus it is given by 

a{vi,V2, ...,Vn) = {e'^'^'^Vi,ViV2, ■ ■ .,Vn-lV„), 

where is a real number. 

Note that one can easily verify that Ff^g is a homeomorphism. Also, 
in the above definition, we have converted "descending", which is used in 
[I'll Definition 2.16], to "ascending" since the order of coordinates there is 
opposite to ours. For certain Furstenberg transformations on T", we have 
the following theorem. 

Theorem 1.3. (|^, 2.3) If 6 is irrational, then Ff^g defines a minimal dy- 
namical system on T". If in addition, each fi satisfies a uniform Lipschitz 
condition in Vi for i = l,...,n — 1, then Fj^g is a uniquely ergodic transfor- 
mation and the unique invariant measure is the normalized Lebesgue mea- 
sure on T". In particular, every affine Furstenberg transformation defines a 
minimal and uniquely ergodic dynamical system if 6 is irrational. 

As a conclusion, we have the following result for the Furstenberg trans- 
formation group C*-algebra Ap^ ^ := C(T") x^^^^ Z as introduced in P^ . 
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Corollary 1.4. Ap^. g =C{T^) yip^gZ is a simple C* -algebra for irrational 
9. If in addition, each fi satisfies a uniform Lipschitz condition in Vi for 
i = 1, . . . ,n — 1, then Ap^. g has a unique tracial state. 

Proof. For the first part, the minimality of the action as stated in the pre- 
ceding theorem implies the simplicity of Ap^ g For the second part, 
one can easily check that since 6 is irrational, the action of Z on T" gener- 
ated by Ff^Q is free. So, there are no periodic points in T*^. This and the 
unique ergodicity of Fj q yield the result [211 Corollary 3.3.10, p. 91]. □ 

Remark 1.5. Using the preceding corollary and much like the proof of The- 
orem 123 one can prove that for irrational 9, Ap^ g is in fact the unique 
C*-algebra generated by unitaries U,Vi, . . . ,Vn satisfying the commutator 
relations 

(CR)^ [U, Vi] = e^-^ [U, V2] = f,{Vi),..., [U, Vn] = fn-i{Vi, . . . , K-i) 

(where [a, b] := aba~^b~^ and all other pairs of operators from U,Vi, . . . ,Vn 
commute) . 

Remark 1.6. In |12| Proposition 2.17], R. Ji claims to have proved 

(*) // Ff^g is an ascending Furstenberg transformation on T" with the as- 
cending sequence {ki, k2, ■ ■ ■ , kn^i}, then the torsion subgroup of K^:{Ap^ g) 
is isomorphic to Z^^ © Z^,™^'' © ... © j^i^^-i) ^yjj^^^^ if^g group Z^*"'-* is the 
direct product of nii copies of the cyclic group Z^. = TLlk(L. 

From this claim one can immediately deduce that the i^T-groups of the 
C*-algebra Anfi ■= C(T") Xo- Z generated by the Anzai transformation a 
on T" are torsion-free. We will show in the last section that this is not true 
in general. As the first counterexample, we will see that Ki{AQfi) = Z^^©Z2 
(Example 6.2). In fact, the error in the proof of (*) is in [121 p. 29, 1. 2]; 
there it is "clearly" assumed that using a matrix S in GL(2"',Z), one can 
delete all entries denoted by *'s in K* — I, where K^, is the 2" x 2" integer 
matrix corresponding to Apj, g that acts on i('*(C(T")) = A*Z" with respect 
to a certain ordered basis. This error arose originally from the general form 
of the matrix in jl2| p. 27], which is not correct. R. Ji went on to use the 
torsion subgroup in (*) as an invariant to classify the C*-algebras generated 
by ascending transformations and matrix algebras over them |12[ Theorem 
3.6]. We do not know whether that classification holds. 

2. The Anzai flow J" = (Z,T") and the group S)„ 

Let A := e^'^*^ for an irrational number 9, and consider the Anzai trans- 
formation 

a : ivi,V2, ...,Vn) I > {Xvi,ViV2, . . .,Vn-lVn) 
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on T*^, which generates (by iteration) the Anzai flow J- = (Z, T") 

{Vx, ... ,Vn) 1^ Cr"^{vi, ...,Vn) = 

With vi, . . . ,Vn denoting also the functions in C(T"), 

{vi,..., Vn) I — > vi,...,Vn, respectively, 
we then get unitaries on L^(T"), 

Uf = foa, Vif = V,f, Vnf = Vnf. 

These unitaries satisfy the commutator equations 

(CR)„ [U,Vi]=X, [U,V2]=Vi, [U,Vn] = Vn-U 

(where [a, b] := aba~^b~^ and all other pairs of operators from U,Vi, . . . ,Vn 
commute). A "discrete group construction" J7] shows how to construct a 
group from unitaries like this; use (CR)^ to collect terms in the product 



{x'^'v^^'v^'^ . . . v;^"+ic/*^)(A'=iyf^y2^3 _ , , Vn^+'u'''] 

then, the exponents give the multiplication for a group S)„(= x Z, as 
a set). In fact 2)„ = Z""^^ xi^ Z is a semidirect product for which r/ : Z ^ 
GL(n + 1,Z) is given by r]{k) = rjk = M,^, where M„ is a (n + 1) x (n + 1) 
matrix defined as 



1 1 
1 

'•• 

• ■ ■ 




1 





■■. 

1 1 



1 



{n+l)x(n+l) 

and (by induction) one can show that = [m^*^^], where 

(fc) / k 



m, 



J 



with the following notation. 



Notation 2.1. 



( fc(fc-l)...(fc~r+l) 
r! ' 

1, 

0, 



if < r < or (/c < and r > 0); 

\ir={k+\k\)/2- 

otherwise. 
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Note that in this construction, we identify an element ((fci, . . . , kn^i), k) 
of Dn with X'^^V^^V^'' . . . K^"+'?7^ and the multiphcation of S)„ is given by 

((fci, . . . , kn+i), k).{{ki, . . . , k ) = 

{{ki, . . . , kn+i) + r/fe(/c'i, . . . , k + k'). 

One can easily check that S)„ is the discrete group generated by x,yQ,yi, . . . , 
Un such that xyo = yo^; and yiHj = yjyi for < i,j < n and 

(1) [a;,yi]=yo, [2;,?/2]=yi, [x,y„]=y„_i 

The group S)„ is discrete, nilpotent, finitely generated and torsion-free. So 
by a result of Malcev ^^1) it follows that is isomorphic to a discrete 
cocompact subgroup of a connected (n + 2)-dimensional nilpotent Lie group 
Fn- More precisely, one can verify that the corresponding Lie algebra is 
the so called generic filiform Lie algebra |E1 EI fn > which is spanned by 
X,Yq,Yi, . . . ,Yn with non-zero brackets 

(2) [X,Yi]=Yo, [X,Y2]=Yu [X,Yn]=Yn-i. 

Let An,e denote the C*-algebra generated by the unitaries U,Vi, . . . ,Vn- 
Note that U, Vn generate An,e] the unitaries Vi, . . . ,Vn have been introduced 
only to control the notation. An obvious property of the construction is that 

TT : ((fci, . . . , kn+i), k) ^ X'^'V.^'V^'' . . . V!:-+W^ 

is a unitary representation of Tin on L^(T") that generates Anfi- 

3. The faithful simple quotients An.e of C*(2)„) 

Let A := e^'^*^ for an irrational number 9. Since An^e is generated by a 
representation of it is a quotient of C*(5}n). 

Theorem 3.1. Let A := e^'^*^ for an irrational number 9. 

(a) There is a unique (up to isomorphism) C* -algebra An,9 generated 
by unitaries U,Vi, . . . ,Vn satisfying (CR)^; Anfi is simple and is 
universal for the equations (CR)„. Let a be the homeomorphism 
used in the definition of Anfi- Then 

= C(T") x,Z. 

(b) Let vr' be a representation ofDn such that vr = vr' (as scalars) on the 
center ((Z,0, ... ,0),0) of Dn, and let A be a C* -algebra generated 
by vr'. Then A = A nfi via a unique isomorphism lo : Anfi — A such 
that io o TT = tt' . 

(c) The C* -algebra An,e has a unique tracial state. 

(d) There is an automorphism a of An~i,e such that Anfi — An~\fi^cJ^- 
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Proof, (a) The flow used in the definition of An,e is minimal , so the 
C*-crossed product C(T") xi^-Z is simple jHlES]- On the other hand, An,e pro- 
vides a covariant representation of the dynamical system (C(T"), Z, a). More 
precisely, let : /c i— > U^; (p{k){g) = g o be the unitary representation of 
Z on L'^{T"-) and : f ^ Mj; Mf{g) = fg be the *-representation of C(T") 
on L^(T") {g € L^(T")). Then it is easy to see that (z^, is a covariant 
pair for (C(T"), Z, cr). Hence by the universal property of C(T") xi^-Z, there 
is a *-homomorphism p : (:(¥") Z ^ C*(i/(C(T")), (/^(Z)) obtained by 
setting p(^kfkU^) ~ J2k ^fk^'' unitary implementing the auto- 

morphism a) on the dense *-subalgebra C(T")Z and extending by continuity 
on C(T'") x,^ Z. p is surjective since C{T'') is unital and C*{u{C{T"^),^p{Z)) 
is the C*-subalgebra of B{L'^{T"')) generated by U and the multiplication 
operators Mf coming from C(T"). But, as C(T") is generated by the coordi- 
nate functions vi, . . . , Vn, i'{C{T"-)) is generated by special unitary operators 
iy{vi) = = for i = 1, . . . ,n. So, C*(i/(C(T'^)), n(Z)) = An,9- We now 
have a surjective *- homomorphism p : C(T") x^- Z — > ^^,6* with C(T") x^- Z 
simple. Therefore /) is an isomorphism and An,9 is simple too. 

Now, let A' be another C*-algebra generated by unitaries U', V(, . . . 
satisfying (CR)^. Since V(, . . . commute, there is a *-homomorphism 
fi : C(T'^) ^ A' such that p{vi) = ¥( for i = 1, . . . , n. In fact //(/) = 
f{V{, . . . ,V^). Let u; : Z — > be the unitary representation cD(fc) = U'^ . 
Noting that //(/ o a^) = uj{k)p,{f)dj{k)* holds for f = vi, . . . ,Vn and hence 
for all / € C(T"); by the universal property of C(T") x^- Z, the covariant 
pair (/i,C(3) yields a homomorphism of C(T") x^- Z onto .4.' mapping Vi to V^' 
for i = 1, . . . , n, and u to [/'. So, An,e is universal for equations (CR)^. 

(b) The hypothesis imply that (CR)„ is satisfied by the unitaries U', V{, 
...,V^ given by 

^'((fci, . . . , k) = x'^wt'vt' . . . v;'-^'u'\ 

Part (a) and its proof now yields the result. 

(c) This flow is minimal and uniquely ergodic with respect to (normalized) 
Haar measure A on T"" 0. So, An.e has a unique tracial state r given by 
ri^kfk^'') = If,d\m Corollary VIII.3.8, p. 91]. 

(d) Let An-i,d be generated by operators U' ,V{, . . . ,V^_i satisfying 
(CR)„_i. Define a as a{U') = V'~\U', a{V/) = for i = 1, . . . , n - L 
Since a{U'), a{V(),. . . , a{V^_i) also satisfy (CR)„_^, a can be extended to 
an automorphism of An-i,e- Define a ^-homomorphism p : An-i,e An,e 
by p{U') = U and p{V-) = 1^ for i = 1, . . . , n — 1, and a unitary representa- 
tion -i/; : Z — > Anfi by il^{k) = . (p, -0) is a covariant pair for {An-ifi, Z, a) 
since the equality p{a'''^'>){a) = l/„^7r(a)F„~^ holds for a = U',V(, . . . ,^-1! 
hence for all a € An-i,e- So, there is a *-homomorphism from An-i,e Xa Z 
onto An,d mapping U' to U and V"/ to Vi for z = 1, . . . , n — 1, and (the 
unitary implementing the automorphism a) to Vn- 
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Conversely, An-i,e x^Z is generated by the unitaries U' , V{, . . . , V^_i and 
satisfying (CR)„. So, by universality of An,e, there is a *-homomorphism 

from An,d onto An-i,e Xa ^ mapping U to U' and to 1^' for i = 1, . . . , n. 

Clearly, these two *-homomorphisms are inverses of each other. □ 

4. Non-faithful simple quotients of C*(S)n) 

When A = e^'^*^ for an irrational number 9, Anfi is a simple quotient of 
C*(2)„) and the representation 

vr : {{ki, K+i), k) ^ X'^'V^^^V^^' . . . y^+^C/^ 2)„ An,e 

is faithful. But there are other infinite dimensional simple quotients of 
C*(2)„); for them vr is not faithful. 

Suppose that A is a primitive gi-th root of unity and that ^4 is a simple 
quotient of C*(S)„) that is irreducibly represented and generated by unitaries 
U,Vi,...,Vn satisfying (CR)„. Then V^^ commutes with U and Vi for 
i = 1, . . . , n and so by irreducibility equals fiil, a multiple of identity. Take 
Vi = fJ-iV{ for fif^ = /ii , so that V^^^ = 1, and substitute Vi = fJ.iV{ in 
(CR)„ to get 

(CR).,i 



[U, V{] = A, [^7, V2] = fiiVl, 

[U,V3] = V2, [U,Vn]=Vn-l, 
W"! = / 



1. If ^1 is not a root of unity, then we can modify the presentation 
C(T"') Xq- Z for An,e in Theorem K-j . 1 1 and present the operators C/, F/, V2, . . . , 

Vn, and their generated algebra A^^\ with the flow = ij^^l^q^ x T""-"^) 
generated by the homeomorphism (/>i of Xi := x T^^^, 

4>\{vx,V2, ... ,Vn) = iXvi,fJ,iViV2,V2V3, . . .,Vn-lVn). 

To see that is minimal, we use a lemma on minimality of skew products 
of dynamical systems with T 2.1, 2.3]. In fact, let {X, cj)) be a dynamical 
system, where X is a compact metric space and <^ is a homeomorphism of 
X. Let g : X ^ T he a continuous function and consider the dynamical 
system {X x T, $) defined by ^{x, () = {(j){x), g{x)Q, which is called a skew 
product of {X, (p) with T. Then we have the following lemma. 

Lemma 4.1. ([3 2.1, 2.3]) Let {X,<j)) be a minimal dynamical system and 
g : X ^ T be a continuous function. Consider the skew product dynamical 
system {X x T, <I>) as above. Then {X x T, $) is minimal if, and only if, for 
any non-zero integer k, the functional equation 

(A) / = ^ 

has no continuous solution R : X ^T. 
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Using the preceding lemma, we can prove the minimahty of T\ as fol- 
lows by induction on n. For n = 2, we use the preceding lemma, although 
[T7| Theorem 3] yields the result. In this case, X = Z^^, iplvi) = Xvi and 
g{vi) = fiivi for vi S Zg^. is clearly minimal and suppose that (A) has 
a solution R : T for some 7^ /c € Z. Then one can easily obtain 

R{X3) = R{l)fi'l^X''ii)^ which yields the contradiction fi'l'^^X'^C^) = l since 
/ii is not a root of unity but A is a root of unity. Thus J-i is minimal. 
Now, suppose that J-'i is minimal for n = m — 1. In this case X = 

Zgi X ¥"""2, (l){vi,V2,. ■ ■ ,Vm-l) = {Xvi,fIiViV2,V2V3,. . . ,Vm-2Vm-l) and 

g{vi, . . . ,Vm-i) = Vm-1- If (A) has a solution R : X ^ T for some 
7^ E Z, then we have 

v'^_l = R{Xvi,fIiViV2,V2V3, . . . ,Vm-2Vm-l)/R{vi,V2, ■ ■ • ,fm-l) 

for all (vi,V2, ■ ■ ■ ,Vm-i) S X. But this equality is impossible, for 
R{vi, . . . ,Vm-i) would have a certain degree in Vm-i and one verifies that 
R{Xvi, iJ,iViV2,V2V3, . . . ,Vm-2Vm-i) has the same degree in Vm-i, hence the 
right side of the above equality would have degree but the left side has 



degree k j^O. So the skew product system {X xT,^) = (Zg^ x T"^ \ (^i) is 
minimal 



Now take Yi = Z^^. So the C*-crossed product C(Yi x T"-i) x^^ Z is 
simple and isomorphic to A^^\ 

2. Suppose that /ii is also a root of unity, say a primitive pi-th root of 
unity, and let q2 = lcm{qi,pi}, the least common multiple of qi and pi. 
Then V^^^ = jl2l, a multiple of the identity. If jl2 is not a root of unity, 
substitute V2 = /U2V2 (as well as Vi = HiVO in (CR)^, where /Xg^ = fl2, and 
get 



(CR) 



n,2 



[U, V(] = A, [U, = fxiVl, [U, V3] = iX2V^, 

[[7,^4] =^3, [U,Vn]=Vn-l, 
^ ym ^ J 



in) 

Then we can present the generated algebra A2 using the homeomorphism 

^2 on X2 := Zg, X Zg2 x T"-^^ 

(/)2(f 1, f2, . . . , U„) = (A-Ui, /iif 1^2, /i2l'2l'3, V^Vi, Vn-lVn)- 

The flow (Z, X2) that (j)2 generates is usually not minimal, but we can restrict 
(j)2 to Y2 x T"~2 C X2, where Y2 C x Zg^ is the finite set 

Y2 = {{vi,V2) I (^;i,^;2,l,l,...,l) G 1, T"~2) for some r G N} 

= {(A^A(2)/i^) |rGN}. 

Then the flow J-2 = (Z, Y2 x Tn-2) is minimal; the proof of this is similar 
to the minimality proof in case 1 above. So C(Y2 x T""^) Z is simple 
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and isomorphic to 

Continue this process assuming fi2 is also a root of unity and so on down 
to the fohowing last cases 

(n — 1). When fin~-2 is also a root of unity, say a primitive p„_2-th root 
of unity, let 

Qn-i = lcm{g„_2,Pn-2} = lcm{qi,pi, . . . ,Pn-2} 

Then V^li^ = l^n-il, a multiple of the identity. If fln-i is not a root of 
unity, substitute Vn-i = iJ,n-iV^_i (as well as Vi = fnV/ for i = 1, . . . , n — 2) 
in (CR)„, where fi'^Si = fin-i, and get 

r [U, VI] = A, [u, = (i = 1, 2, . . . , n - 2), 
(CR)„,„_i ^C/,K]=^n-lK-l, 

[vi"' = \q'^^ = . . . = v'"^-! =1 

Then we can present the generated algebra A^^}^-^ using the homeomorphism 
(^n-i on X„_i := Zq^ X Zg^ X . . . X Zg^_^ x T, 

(j)n~l{vi,V2, ...,Vn) = (Xvi, fliViV2, ■ ■ ■ , fin-lVn-lVn) ■ 

The flow (Z, X„_i) that 0n-i generates is usually not minimal, but we can 
restrict (pn-i to Y„_i x T C X„_i, where Y X ... X is 

the finite set 

Y„_i = {{vi,V2, . . .,Vn-l) I ivi,V2,.. . ,?;n-l,l) G (pn-lC^^ ^, ■ ■ ■ , 

for some r G N} 

= {(A^ A(2)/i^, a(3)mPm'2, • • • , a("-i)4"-'VF'^ • • • f^n-2) \ren}. 
Then the flow J-n-i = (Z, Y„_i x T) is minimal; the proof of this is similar 
to the minimality proof in case 1 above. So C(Y„_i x T) x^^^ Z is simple 

and isomorphic to ^^"^i- 

n. When fin~i is a root of unity (as well as fii for i = I, ... ,n — 2), 
all the unitaries are of finite order, so the generated C*-algebra A is finite 
dimensional. 

The preceding comments are summarized in the next theorem. 

Theorem 4.2. A C* -algebra A is isomorphic to a simple infinite dimen- 
sional quotient ofC*{Dn) if, and only if, A is isomorphic to An.e for some 

irrational number 6, or to an A^"^ = C(Y,, x T""*) x^, Z for a suitable finite 
set Yj as in cases i = 1, 2, . . . , n — 1 above. 

A result that has been used implicitly above, and should be stated explic- 
itly, is the analogue of Theorem 13 . II that holds for A["^ for i = l,...,n — 1. 
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Theorem 4.3. For i = 1,2, . . . ,n — 1, ^-"^ is the unique (up to isomor- 
phism) C*-algehra generated by unitaries U,Vi,V2, ■ ■ ■ ,Vn satisfying 
(CR)^^; A^^^ is simple and is universal for the equations {CR),^-. 

As for Theorem 13. H the result is a consequence of the minimahty of the 
flow involved. 

Remark 4.4. There are concrete representations for the ^^"^'s that are anal- 
ogous to the concrete representation on L^(T'^) used in the definition oi An,9 

(and indeed the ^^"^'s could have been defined in terms of these concrete 

representations). For i = 1, 2, . . . , n — 1, the representation for A^"''' uses the 
flow Ti and is on L'^{Yi x T*^"*). 

5. Matrix representations for non-faithful quotients of C*(S)„) 

The algebras ^-"^ above have representations as matrix algebras with 
entries in simple C*-algebras from faithful representations of groups of lower 

(n) 

dimension. More precisely, let be the universal C*-algebra generated 
by unitaries U,Vi, . . . , Vn-i satisfying the following commutator relations 

i[u,Vi] = Ci 



(CR), 



[[y„y,] = l(l<r,s<n 



n—i—1 



where Q is not a root of unity. Then we will see in Theorem 15.81 below 
that aP ^ MciiB^''^). Note that according to Remark O is a 

simple (affine) Furstenberg transformation group C*-algebra of T"~* since 

Ci ^ (note that brs = (^*1V))- The group generated by (CR)^ ^ (as T>n 
was generated by (CR)„) is D'^- (= x Z). We wih see in Corollary 

15.51 below that 2)^ ^ is isomorphic to a subgroup of T>n-i- 

More generally, let a : T" T" be an affine Furstenberg transformation 
given by 

where C is an irrational number and 7^ for i = 1, ... ,n — 1. Let 

A := C(T") Xq Z. Then A is a simple C*-algebra, which is the unique 
C*-algebra generated by unitaries U,Vi, . . . ,Vn satisfying the commutator 
relations 

(CR)„ [C/,yi]=e2-<, [U,V2] = V,'^\ [c/,K]=^^"...K-i''" 
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(all other pairs of operators from U,Vi, . . . ,Vn commute) . Let Fq, denote 



the group generated by (CR)^. Then Tc 



yn+l 



'j, in which 7 : 



GL(?i + 1,Z) is given by 7(/c) = 7^ = G^, where Gq is a matrix defined as 



(3) 



" 1 


1 
















1 




bi3 




bin 








1 


&23 

















bn-2,n 











1 


bn—l,n 


. 











1 



^y'n 



(n+l)x(n+l) 

One can check that Ta is the discrete group generated by x',yQ,y[. 
such that x'i/q = y'^x' and y\y'j = y'^y^ for < i, j < n and 

(4) [x',y[] = y'„ [x',y',]=y['^\ [x' , y',,] = y['^- . . . y'tl'" . 

Since A is generated by a representation of Ta, it is a quotient of C*{Ta)- 

Lemma 5.1. Let Ta denote the group generated by (CR)^ as above. Then 
there is a monomorphism t : — > 

Proof. We construct l recursively. Let x,yo, . . . ,yn be the generators of S)„ 
as in Section 1 satisfying (1) and x',yQ,y[, . . . ,y'n be the generators of Ta 
satisfying (4), as above. Take l{x') = x and i{y'j) = yj for j = 0, 1. Now to 
define i(y^), note that we should have l{[x' ,y'^) = [i{x'), /-(y^,)] = [x, ^(y^)] = 
Hi'" ■■■y'ti'') = i{y'if'' ...i{y'k-if For example, [x,i{y'^)] = 
i^(^yi^y)i2 — yji2^ gQ L{y'2) must be defined as y^2^ according to equations 
(1). Similarly, i{y'^) = y^^'yl'^^^'' and t{yi) = y^i4y^i2fe24+6i3b34yfei2b23634 ^^^^ 
so on. Therefore using induction, one can show that i(y^) is of the form 
y'i^^yf^ . . . y^f^'^ {k > 2) and c^k = YliZi / 0. This will also guarantee 

the injectivity of l, for the matrix (cij) (for 2 < i, j < n; Cij = for i > j) 
is upper triangular with non-zero diagonal entries. □ 

Remark 5.2. In a similar way, one can see that there is also a monomorphism 
Lemma 5.3. Let T := Z, where ^{k) = G^ for some G G GL(m,Z). 



Then [F,F] = (G - I) 
F 



{0} and 



7L = coker(G - I) ©Z. 



[F,F] (G-I)Z" 
Proof. For arbitrary Xj € and fcj G Z (i = 1, 2), one has 

[(xi, A;i), (x2, k2)] = (xi, fci)(x2, A;2)(xi, A;i)~^(x2, ^2)^"^ 

= (Xi, fci)(x2, fc2)(G-^M-Xl), -fci)(G-'=H-X2), -A:2) 
= (X1 + G'=HX2) + G'=2(-Xi)-X2,0) 

= ((G'=i-|)x2-(G'=^-l)xi,0). 
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So it is easily seen that 

[r,r] = {((G - i)x,o) I X e z™} = (G - {o}. 



For the next part, one can check that 99 : F — > coker(G — I) © Z defined by 
(/7(x, fc) = (x+ (G — l)Z"^, fc) is an epimorphism with ker Lp = ((G — l)Z™, 0) = 
[F,F]. □ 

Corollary 5.4. // |6.j,t+i| 7^ 1 for some i G {1, . . . ,n — 1}, then F^ is not 
isomorphic to 

Proo/. Using the preceding lemma, S^] = coker(l\/l„ - I) ©Z = 

where the matrix M.„ was defined in Section 2, and Fcj/[Fq,, Fq,] = coker(GQ,— 
I) © Z and Gq, is the matrix defined in (3). But it is easy to see that 
coker(GQ, — I) = coker(B) © Z, where 



bi2 brs 
623 

••• 



fon-l,n 



(n-l)x(n-l) 



Thus Fq/[Fc,Fq] = coker(B) ©Z^. So a necessary condition for F^ = 2)„ is 



that coker(B) = i.e. | det B| = nr=i^ l^«,«+il = 1) which ends the proof. □ 

Corollary 5.5. ^ is isomorphic to a subgroup ofDn~i, <ind is not iso- 
morphic to Dn~i unless Cj = 1. 

Proof. Note that in this special case, brs = (g^V)' Now use the preceding 
corollary and Lemma l5.ll □ 

Lemma 5.6. Let Ci = |Yj| be the cardinality of Yj for i = 1, . . . ,n — 1. 

Then the flow (Z, Yj x T""*) generated by (pi is topologically conjugate to a 
flow (Z,Zc, X T""*) generated by 

Ipi : {Vi,Vi+i, . . . ,Vn) I > {XiVi,r]iViVi+i,Vi+iVi+2, ■ ■ ■ ,Vn-lVn), 

where Aj is a primitive Ci-th root of unity and r]i € T is chosen appropriately. 

Proof. We construct a homeomorphism Tj : Yj x T""* x T""* that 

commutes with the actions of Z i.e. n o (p^ = ipi o n. For the moment, fix 
I'i+i, fj+2, ■ ■ ■ , i^n-i G TT, and define Tj as follows for Uj+i, . . . , € T: 



rj(l, . . . , ... ,Vn) = (l,^'j+lUj+l,t'j+2Wj+2, • • • ,'^n-lVn-l,Vn) 
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step (1): 

i 

Ti O (t)i{l, ... , l,Vi+i, ...,Vn) = 

Ti(A,/ii, ■ ■ . , flj-i, ^iVi+i,Vi+iVi+2, ■ ■ ■ ,Vn-lVn) 
i 

= 1piO ri(l7~?^, Vi+l, ... ,Vn) 
= -0^(1, Z^i+lWi+l, fj+2fj+2, ■ ■ ■ ,'^n-lVn-l,Vn) 

step (2): 

i 

Ti o 0f ( V'T!"!, Vi+i ,...,Vn) = 

T^(A^ Xfij,fllfil, ^ii-2^4-l, f^i-Whi+l^ f^iVi+lVi+2,Vi+lvf+2Vi+3^ ■ ■ ■ ) 
Vn-2vl-lVn) 

i 

= -iff O Ti{l, . . . ,l,Vi+i, . . . ,Vn) 

= V'i(Ai, r?ifj+lfi+l, fj+ifj+2'(^j+lWi+2, . . . , yn-2l^n-lVn-2Vn-\-, V-n-lVn-lVn 

= (Af , \ir]jvi+lVi+l,r]iV^+^Ui+2vf+l'"i+2, ^'^+2^'^^+3^^+4^^+2^^>3^»+4. 

Un^3l^l~2'^n~lVn-3vl-2Vn-l,I^n~2'^n-~l'^n-2vl-lVn) , 

and so on down to 
step (Cj) : 

i 

Ti O Ct)f'{l, l,Vi+i,. ..,Vn) 

x(,^\) 

\('^') ,,^"-2) ,,(n-J (7i-i+l)„,(n-i+2) ^, \ 

A^"''/^l /^2 •••/^i ^i+2 •••^ri) 

= r,(l, ■ ■ ■ , 1, A^'+iVl ' V^'-^^ ■ ■ ■ //f'^.+i, ■ ■ ■ , 

A( " )m1"-'^V2"''"^'^ • • • l^'^^^'^^'-^ ■■■Vn) 



i 

= if^f" O Uj+i, ...,Vn)= Vi+lVi+i,Vi+2, ■■■,Vn) 
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■V , ,(n-i-l) , (n-/-2) , Ci {n-i-l) ^in-i-2) 



/I \(2')„Ci \ ( 3*)„( 2'),.Ci ., „,C, 



\(n-i + l) (n-i) (^-2-2) Ci (n-i-2) \ 

\ •••'^n-l^i+l ■■■Vn)- 



The definition of Tj on (1, . . . , 1,T"~*) at tliis last step must coincide witli 
the definition at the first step, so rji and fj+i, i^i+2, ■ ■ ■ , ^n-i are chosen to 
satisfy the equations 



\ f^O ,X"-2) \ (n~i + l)^(n-i),,(n-i-l),,(n-i-2) , ,Ci 

i.e., choose rji to be a Cj-th root of 

a(.^^)4^' . . . f^^xP^ = {-D^^^')S^^^^^^ . . . /.p 

{Xi = (—1)'^'''""^ since Aj is a primitive Cj-th root of unity), and then 
choose z^j+i to be a Cj-th root of 

and then choose to be a Cj-th root of 

and so on choose I'j+a, . . . , i^n-i recursively to satisfy the above equations. 

To see that Tj commutes with the actions of Z, take a point P € x T"~*. 
Then P = (/'[(I, . . . , 1, fj+i, • • • , fn) for some < r < and Ui+i, ■ ■ ■ ,Vn G 



C*-ALGEBRAS FROM ANZAI FLOWS 



17 



T, and 

n o (j)i{P) = Tj o (/>[~^^(l, . . . , 1, Vi+i, . . . ,Vn) 

i 

= Ipl'^'^ O TiClT"!^, Vi+i, ...,Vn) 
i 

= 1piOTiO Vi+i, ...,Vn) 

= 1piO Ti{P), 

as required. □ 
Corollary 5.7. aJ"^ ^ C{Zc, x T""*) x^^ Z, i(;/iere was introduced in 

(n) 

the preceding lemma. In particular, the algebra is also a simple infinite 
dimensional quotient of C*{Dn-i+l)■ 
Proof. The first part is clear, in view of the preceding lemma. For the second 
part, note that C(Zc. x T""*) x^. Z is generated by unitaries satisfying 
(CR)„„.^^_i (Theorem lOJ. ' □ 

Theorem 5.8. The algebra A^^^ = C(Yj x T""*) x^. Z above is isomorphic 
to Mci{B^^'^), where B^^'^ is the C* -algebra generated by (CR)^ ■ for Q = 
(-IjC.+i^C', andi = l,... ,n-l. 

Proof. By Lemma f5.6l A^"^ = C(Zc- xT"^*) x.^.Z, hence this crossed product 
is simple too. For convenience, put q := Ci and m := n — i and let D = 

C{Zq X T"*) X^Z, where ljj{v, Vi,V2, . . .,Vm) = {\v,rjVVi,ViV2, ■ ■ .,Vm-lVm), 

in which A is a primitive q-ih root of unity and r] not a root of unity. Since D 
is simple, it is the unique C*-algebra generated by unitaries U,V,Vi, . . . , Vm 
such that = I and 

(5) [[/, V] = A, [U, Vi] = r]V, [U, V2] = Vi, . . . , [U, Vm] = Vm-i 

(all other pairs of unitaries from [/, V, Vi , . . . , Vm commute) . 

Let Q ■= {—l)'^~^^r]'i and B be the unique (simple) C*-algebra generated by 

unitaries U,Vi, . . . , Vm such that 

(6) [if, Vi] = c, [u, V2] = v,', [u, Vm] = vy-'^ vy-'^ . . . 

(all other pairs of unitaries from U,Vi, . . . , Vm commute). We prove that 
D ^ Mq{B). Define unitaries U' ,V' ,Vl, . . . ,V^ in Mg{B) as follows (aU 
unspecified entries being 0). 

U' has U in the upper right-hand corner and I's on the subdiagonal. 
r = diag(l,A,A2,...,A«-i). 

VI = dmg{bVi,bfiXVi, bffX^Vi, bfi''~^x(2)Vi). 

Vi = diag(c21 ^2, C22Vr^V2, C23V^r'V2, • • • , C2gVi~^'~^^ V2) . 
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Vi = d\s.g{cM,C^2VlV^^V^, C33V\3y2-2y3, . . . , C3, v/^^ Fs"^^"'^ V3) • 

= diag(cmiKi, Cm2Vi ...Vm,..., 

^ ^A~^> \ m-1 )\A~^> \ rn-2 ) \ 

(^mqVi ^2 ■ ■ ■ ^rn). 

Thus the j-th entry of V- equals Y[l-=i '""^ , and the con- 

stants bi, Cij G T must be chosen so that the unitaries U' ,V' ,V(, . . . 
satisfy (4). Note that V"^ = Iq and U' has the property that 

[[/', diag(VFi, . . . Wq)] = d\ag{UWqU-^W{\WiW^\ . . . , W^.^W-^) 

for arbitrary invertibles Wi, . . . Wq G B. Therefore 

[C/',F'] = diag(A'?-i,A,...,A) = A/,. 

[[/', Vi\ = <Xmg{U{hf-^\^^Vi)U-\hVi)-\ {hVi){hf)\Vi)-\ 

= diag(f?«-U(2) [U, Vi], r/A, . . . , riXiiyi''2')) 
= diag(r/«-^A(2)c, ??A, . . . , ryA^-^) 

= diag(r/'?"iA(2)c, ??A, . . . , ryA^-^) 
= rjV' 

(note that since A is a primitive g-th root of unity, one can easily see that 
a(1) = (-1)"+^). 

[U', = diag{U{c2qV,~^''~^^V2)U^\c2lV2r\ {c2lV2){c22V,-^V2y\ • • • , 
ic2,q^lK^'-'^y2)ic2qV-^'-'^y2r') 

= dmg{^{UV~^'~'^U-'){UV2U-^)%~\ —Vi, ^^Vi) 

C21 C22 C2q 

= diag(^(r(^-^)yr^''~'^)(v^i'^2)T>2-', —vi,..., ^Fi) 

C21 C22 C2g 

= diag(^C-(^-i)Vi,^y„...,^Vi) 

C21 C22 C2q 

= vi. 

The last equality holds if, and only if, 

£2,^_(,_i) ^ £21 ^ . . . , ^ = bf-'\it). 

C21 C22 C25 
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By multiplying these equations, one obtains = C'^ , so one 

must choose 6 to be a q-th. root of 

A('t^),/?)C-«-i. 

C3I C32 C3q 

= diag(^(?7y® ?7-i)(c7y2-^''-')c/-i)(c7y3f/~')v^3-S — v-f '1^2, . . • , 
C31 C32 

C31 C32 

C35 

= diag(^c® V2, ^vi-^y2, . . . , ^yr^^"'^V2) 

C3I C32 C3g 

= n- 

The last equality holds if, and only if, 

fo\ '^^Q y-d) '^31 '^3,g-l 

(8) — C^^J = C21, = C22, . . . , = C2g. 

C3I C32 C3g 

By multiplying the above equalities, one obtains C21 . . . C2q = and com- 
bining with (6) one must choose C21 to be a g-th root of 

and then 

C2j = C2iA(^3 )r](^2)p-^. 



One can continue this procedure down to 

~ ~ / -|\m — 1 ~ ( 1 \m — 2 ~ 

{CmlVm){Cm2Vt ^ V^^^ . . . . . . , 
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Vi V2 ...Vm-l,..., 

n -I I _-i\m-l (q+m-i\_(q+m-Z\ (<i-'^\ ' ~^ 

^m,g-l f^l I, ; V m-1 j VVl 2 J" 



V-^ / V 771—1 / V 7n— 1 y T/V 2 / V2/T/ 



-■mq 



Cml 

Vi V2 ■■■ Vm-1, 

Cm2 

Cm,q-1 -,-^(-1)'" ^(''m"l2 ) T/~('?~1)t7 ^ 

[Vl ■■■Vm)Vm , V^i V2 ...Vm-1,---, 

Cm2 

Cm,q-1 f/C-l)™ ^(''m™2 ) T/~('?-1)t> n 
I'l • • • Vm-2 

Cmq 



Cml 

Cml .%(-l)'"-2 ~ (-1)^-3 - 

Vi V2 ... Vm-1, ■ ■ ■ , 

Cm2 

Cm,g-1 yyC-l)™ ^(''m™2 ) t7-('?-1)t7 ^ 
— ■■■Vm-2 ^m-lj 



= k;-i- 

Using the next lemma and the paragraph following it, we have 



r=l 



EMr-'('^::r')C!j=w.(i<.<™-i) 



where 5 denotes the delta function. Therefore the last equality holds if, and 
only if, 

Cmg .(-l)™-if9+m-3\ Cml Cm,g-1 

(10) C ^ —1 ^ = Cm-1,1, = Cm-l,2,..., = Cm-l,q. 

Cjnl Cm2 Cmg 

By multiplying the above equalities, one obtains 

Cm-lj = C ^ ^ —1 >. 
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One can see that Cm-i,i must be chosen as a q-th root of 



where c_i^i := A, cqi := r] and cn := b. Then 

/ i\m.-k~l (g+m-k-:i\ 

„ , . - n c ^ -"-^-i ^ 



Then one can show that 



n 



-1 



, „. fc 



is a solution for (8), where c^i was chosen recursively in the previous steps 
for /c = 1, . . . ,m — 1 and c^i € T is chosen arbitrary. In accordance with 
the previous steps, we let Cmi be a g-th root of 



So the unitaries C/', V\ V{, . . . , satisfy (5). It just remains to prove that 
they generate Mq(B) = Mq{C) ^ B. Let Eij denote the q x q matrix with 
all zero entries except for a 1 in the i^j entry (1 < i^j < q). These form a 
set of matrix units for Mq(C). We first show that all Ey^s are generated by 
U', v. Take E =^ V"". Then E = diag(l, 0, 0, . . . , 0) = Eu and one 

can check that Eij = C/'(^-i)£;y(i-j). Now that we have a copy of Mg{C) 
generated by U' and V , it is enough to prove that the elements En U 
and ^Vi (for i = 1, . . . , m) belong to C*{U', V, V{, . . . , V^) (for these 
elements generate En^B and moving this around with the matrix units will 
generate Mq{C) (g) B). But according to the definition of U' ,V' ,V(, . . . 
one can easily verify that En (d) U = U'Eqi and En ® = cuEnV- (for 
i = l,...,m), in which the constants cn € T for i > 1 were introduced 
above and cn := b. This completes the proof. □ 

The following combinatorial lemma presents a generalized form of the 
identity (V) = (T) " (^1^)- 

Lemma 5.9. Using Notation 12. IL we have 



for all m, A; € Z and g € N. 
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Proof. First one checks that for q = I, the identity (""^^) = (™) - {"J^zl) 
holds for aU m,k Then using induction on q, one has 

m — q — 1^ — — q — 1 

^B-Kr:;)C)-D->'(::L-;)C 

^EMy(r:;)C)-E(-r'(n;,,_, 



□ 



Now, to prove (9) in the preceding theorem, let j := r — s and k := m — s. 
Then we have 



m y 
r=l ^ 



q + m — r — 2\ / q 
m — r / \r — s 



j=l-s 



k 



iq + k-2)-j\ /q 
k-j ) \j, 

{q + k-2)-j 
k-j 



=5, 



s,m— 1 • 



6. i^-THEORY FOR An,e 

In this section we study the i^-theory of An,e- First, we describe the 
method of computation for the X-groups of C(T") Z, where a is an ar- 
bitrary homeomorphism of T". To do this, we will pay attention to the 
algebraic structure of K*{T"'). Note that it is sufficient to consider the spe- 
cial case of "linear" homeomorphisms since as stated in the introduction, we 
know that every continuous function from T" to T is homotopic to a "linear" 
function f{vi, . . . , = v^v!^ . . . v^'^ {ai,a2, ■ ■ ■ ,an € Z), and that the K- 
groups of C(T") Xq,Z depend up to isomorphism only on the homotopy class 
of a. 
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It is well known that K*(T"') is a Z2-graded ring and by the Kiinneth 
formula it is an exterior algebra (over Z) on n generators, where the 
elements of even degree are in K^{T'^) and those of odd degree are in K^{T^). 
The generators of this exterior algebra correspond to the generators of the 
dual group of |2H1 p. 185]. Indeed, in this case the Chern character 

ch : A'*(T") — > i?*(T",Q) 

is integral and gives the Chern isomorphisms 

cho : K°(T") ^''^^'^(T'^,Z), 

chi : iv:^(T") — > H°'^'^{T'',Z), 
where H*{T'^,Ij) = AJ(ei, . . . , e„) is the (Cech) cohomology ring of T" 
under the cup product, and H''{T'',Z) ^ A|(ei, . . . , e„). On the other 
hand, K*{T"^) ^ K^{C{T"^)). So, by introducing a := [vi]i (i.e. the 
class in Ki{C{T^)) of the coordinate function : T" ^ T as an element 
of Z//(C(T")) ) for i = l,...,n, we have the isomorphisms -fC*(C(T")) = 
AJ(ei, . . . , e„) = A*Z"', and it is in a way that respects the canonical em- 
bedding of Z". Moreover, such an isomorphism is unique since only the 
identity automorphism of the ring A*Z" fixes each element of Z"". 

Now we use the Pimsner-Voiculescu six term exact sequence |23 ^ the 
main tool for computing the ii'-groups of C(T"') Xq, Z. Let a*(= K^{a)) 
be the ring automorphism of X*(C(T")) induced by a and let be the 
restriction of on Ki{C{T'^)); {i = 0, 1). Let A := C(T") x^, Z. Then we 
have the following exact sequence. 

Ko(C(T'^)) i^o(C(T")) Ko{A) 

5i So 

Ki{A) Ki{C{T'')) i^i(C(T")) 

Here, j : C(T") — > A is the canonical embedding of C(T") in A, jq := Kq[j) 
and ji := A'i(j). Also from now on id denotes the identity function on each 
underlying set. As a result, we have the following short exact sequences 

— > coker(ao - id) — > Kq{C{T'') Z) — > ker(ai - id) — > 0, 

— > coker(ai - id) — > Ki(C(T'") yi^ Z) — > ker(ao - id) — > 0. 

Since all the groups involved are abelian and ker(aj — id) is torsion- free 

(i = 0, 1), these short exact sequences split and we have 



(11) 


A:o(C(T") x^ Z) ^ coker(ao 


-id)( 


5 ker(ai 


-id). 












(12) 


A:i(C(T") x^Z) ^ coker(ai 


-id)( 


5 ker(ao 


-id). 



So, it suffices to determine the kernel and cokernel of (ao — id) and (ai — id) 
acting as endomorphisms on the finitely generated abelian groups 
h-T'^iex, en){= Z2"~') and h°^^{ei, ...,€„)(= Z^""'), respectively. Note 
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that from the isomorphisms (11) and (12), the iT-groups of C(T'") x^Z are 
finitely generated abehan groups. Now since a* becomes a ring homomor- 
phism, it suffices to know the action of a* on ei, . . . , e„. In fact for a general 
basis element e^^ A e^j A . . . A e^^ of JC(C(Tr")) = AJ(ei, . . . , e^) we have 

a*(eij A A . . . A ej,,) = a*(eij) A a^ici^) A ... A a*(eij. 

Thus if we consider {ei, . . . , e„} as the canonical basis of and take a = 
a^l^n, we have a* = A* a = ©"=i A^ a, oq = A^^^'^a = ®r>o A^'' d and 
ai = A°'^'^Q = ©r>o/\^''^^Q!, where A*d is the i-th exterior power of a, which 
acts on A*Z'" (i = 0, 1, . . . , n). Now let a = (/i, . . . , /„) and ftjj := or 
in other words, assume that /j is homotopic to (fi, . . . , f„) i— > v'^'^v'^'' . . . 
So we can write 

a*(ej) = a^[vi]i = [a{vi)]i = [/i(fi, . . . , fn)]i = [v\^' v^^' . . . v^^% 

n n 

3=1 i=i 

Therefore a acts on via the corresponding integer matrix A := [bij]nxn G 
GL(n,7j) and a* acts on A*Z" via A*A, and we have the following isomor- 
phisms 

i<:o(C(T") x„ Z) ^ coker(ao - id) ker(ai - id) 

= coker(©r>o A^'' d - id) © ker(©^>o A^''+^ d - id), 



so we can write 





Ko(C(T") x,Z) 


^ 0[coker(A2^d - 

r>0 


id) © ker(A^''+^d 


-id)], 


and similarly 




A'i(C(T") x„Z) 


^ 0[coker(A2^+id 

r>0 


- id) © ker(A2''d 


-id)]. 



Therefore, in order to compute the -fC-groups of C(T") Xq, Z, we must find 
the kernel and cokernel of A''d — id as an endomorphism of A^Z" (r = 
0,1, ... ,n). Note that the matrix of A''d — id with respect to the canonical 
basis {cj^ A ... A Cj,. |1 < ii < . . . < ir < n} with lexicographic order is 
An,r := A'"A — l^n^, which is an integer matrix of order (") (1^ is the identity 

matrix of order k, we often omit k whenever it is clear). So by computing the 
kernel and cokenel of A„_r for r = 0,1, . . . ,n with appropriate tools (such as 
the Smith normal form for integer matrices j2n[ p. 26]), one can determine 
the X-groups of C(T") Xq, Z. The authors have written a program in Maple 
6.0 to do these computations. 

We summarize the discussion above in the following proposition. 
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Proposition 6.1. Let a be a homeomorphism o/ T" and a € Aut(Z") be 
the restriction of a^: to (as above). Then a* = A*a = (Br=i A^' a on 
A'*(T") = A*Z" and 



A'o(C(T") x„ Z) ^ 0[coker(A2'^d - id) ker(A^'^+^a - id)], 

r>0 

Ai ((:(¥") x„ Z) ^ 0[coker(A2^'+^a - id) ker(A2^"Q - id)]. 



r>0 

Corollary 6.2. The K-groups o/C(T") XqZ are finitely generated abelian 
groups with the same rank. Moreover, this common rank equals 

n 

rankker(A*a — id) = rankker(A^d — id). 

r=0 

Proof. Use the proposition and note that for any ip G End(Z"') one has 
rankkery? = rank coker □ 

Now for the iT-groups of Anfi — C(T") Xg- Z, the "hnearized" form of the 
corresponding affine homeomorphism a is as follows 

{vi,V2, ...,Vn)^ {vi,ViV2, • • .,Vn^lVn). 

So a{ei) = Ci-i + Cj for z = 1, . . . , n (eo := 0). The matrix with respect to 
the canonical basis {ei, . . . , e„} of Z"' that corresponds to a is 



S - 



1 1 
1 1 

■•. ■■• 















1 1 
1 



Notation 6.3. We let a„ := rank iCol-^n.e) = rankKi(^„ 5)) and On^r '■= 
rankker(A'"S„ — I) for r = 0, 1, . . . , n. From the preceding corollary we have 

n 

On = rankker(A*S„ — I) = ^^an,r- 

r=0 

Corollary 6.4. Ki{C*{Dn)) = Ki{An+i,e) for i = 0, 1. In particular 
rankKo(C*(D„)) = ranki^i(C*(2)„)) = a„+i. 

Proof Since 2)„ ^ Z'^+i x^Z, so C*(D„) ^ C*(Z"+i) x^^Z ^ C(T''+^) x^^Z 
and the integer matrix corresponding to fj is the (n + 1) x (n+ 1) matrix M„ 
introduced in Section 1, which is precisely S„+i. The rest of proof follows 
from the last proposition. □ 



Some examples will illustrate the methods described. 
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/1 5 5 

Example 6.5. We compute the i^-groups of Ag' , which have been com- 
puted in inni by another method. In fact, the Chern character and non- 
commutative geometry were used in jSOl to compute the kernel and cokernel 



of ai 
^3,r '■- 



- id (i=0,l). As A 
A^Ss — 1 1^3^ for r 



5,5 



-^3,6*5 we compute the kernel and cokernel of 
0, 1, 2, 3, in which 



1 





= 0, $3,0 

Z/(0) ^ z. 
r = 1, S3 1 = 



AOS, 



A^S. 



Ii = [0]. So, kerS3^o = ^ and coker 83^0 



. So, 



"110" 




"10 0" 




"0 10" 


oil 




10 




1 


.0 1. 




.0 1. 




.0 0. 



"0 10" 




" X ' 




"0" 


1 




y 







.0 0. 




_ z _ 




.0. 



kerSs,! = {{x,y,z) G 
coker 83,1 = zVS3,i(Z3) = ZV(ei, 62) 
. r = 2, 83,2 = a283 - I3 = 



} = (Z,0,0) ^ Z 



Z. 



Ill 
Oil 
1 



10 
10 
1 



oil 

1 




ker83,2 = {(x,y,z) e y + z = z = 0} = {Z,0,0) ^ Z 
coker 83,2 = ZV83,2(Z^) = Z^/ {61,62) ^ Z. 
• r = 3, 83^3 = A'^83 — li = [0]. So, ker83^3 = Z and coker 83^3 = 

z/{o) -^z. 

Therefore 

\,e) = (coker 83,0 © coker 83,2) © (ker 83,1 © ker 83,3) 
m T'. m T'. — T'.^ 



Ko{Af) = K^{A. 

^Z©Z©Z©Z = 

K 



^Z©Z©Z©Z = Z'^, 

\{AI'^) = Ki{Ai^e) = (coker 83,1 © coker 83,3) © (ker 83,0 © ker 83,2) 
^Z©Z©Z©Z = Z''. 



Example 6.6. Using our method, we have obtained the ET-groups of An,e 
by computer for 4 < n < 11. We find the kernels and cokernels of Sn,r '•= 
/VSn — 1^"^ for r = 0, 1, . . . , n using the Smith normal form theorem |2U1 p. 

26]. The results obtained are stated in Table 1. Because of computational 
limitations, we do not have any results yet for n > 11, except for {a„} for 
which we have obtained the generating functions (see Subsection 6.1). 

In this table, the group Z^™^ is the direct product of m copies of the cyclic 
group Zfc = Z/A:Z, and it seems that the if-groups of Anfi generally have 
torsion. The first example is Ki[AQfi)] this is in fact because coker 85,3 = 
coker(A^86 — I20) = Z'^ © Z2. One of the things that we are interested 
in studying is the behavior of the sequence {a„}. We will show below the 
importance of this sequence, namely is the common rank of the ii'-groups 
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Table 1. The K -groups of Anfi for I < n < II 



n 


Ao(A,e) 




On 


1 




Z^ 


2 


2 


7? 


Z3 


3 


3 




Z^ 


4 


4 


Z^ 


Z^ 


6 


5 


Z8 


Z^ 


8 


6 


Zl3 


Zl3 ^2 


13 


7 


Z20 


Z20 


20 


8 


Z32 0Z(2) 


Z32©Z(J 


32 


9 


Z52©zf ©zf 




52 


10 


Z90©zg) 


Z^O © © Z99 © Zi98 © Z2574 


90 


11 


;7l52fl.;7(12) ^^7(4) ^(2) 
^ y:^ "^11 ^ 143 ^ 286 


;7l52 ;7{12) ^ -^(4) ^(2) 


152 



of a certain set of C*-algebras including the Furstenberg transformation 
group C*-algebras Ap^. g of T" introduced in jl2j . 

Note that by Proposition l6.lL the iC-groups of C{T^) xIq,Z are completely 
determined by the corresponding homomorphism a £ Aut(Z'^) and its exte- 
rior powers. From a computational point of view, we only need the cokernels 
of the maps involved, since we know that for any endomorphism g on Z'", 
ker g = cokeig/ (coker^)tor- When det a = 1, we don't even need to compute 
all the cokernels. In other words, we have the next proposition, for which 
we recall a definition. 

Definition 6.7. Let a,f3 € End(Z'"). We say that a is equivalent to (3 over 
Z (and write a equiv (3) if there exist u,v (z Aut(Z™') such that uoaov = (3. 
Similarly, if A and B are integer mxm matrices, A is equivalent to B if there 
exist U, V G GL(m,Z) such that UAV = B. 

Recall that a equiv /3 if, and only if, cokera = coker/5 if, and only if, a 
and P have the same Smith normal form. Also, A equiv B if, and only if, 
B is obtainable from A by a finite number of elementary operations. An 
elementary operation on an integer matrix is one of the following types: 
interchanging two rows (or two columns), adding an integer multiple of one 
row (or column) to another, and multiplying a row (or column) by —1. 

Proposition 6.8. Let a G SL(n,Z) (i.e. det a = I). Then A^a — id and 

A"~^a — id are equivalent as endomorphisms of A'^'Z" = A'"~'"Z" = Z^"-) . 
Equivalently, coker(A'"Q — id) = coker(A"~'''a — id) for r = 0, 1, . . . , n. 

Proof. We prove the equivalence of the endomorphisms as matrices with 
respect to some basis. Let £ = {ei,...,e„} be a basis for Z" and put 
5" = {1, 2, ... , n}. For / = {zi, . . . , v} C S, where 1 < ii < . . . < v < n, 
put e/ = Cj^ A . . . A Cj^ G A'^Z". Then Sr := {e/ \ I C S , |/| = r} is a 
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basis for AJ'l/^. Let w := ei A . . . A e„, which generates A"Z". When r = 0, 
A°d - id = and A'"a(u;) = a(ei) A ... A a(e„) = (det a)(ei A . . . A e„) = 
so A"'a — id = 0. Now, fix an r G {1, . . . , n — 1}. For an arbitrary subset 
I C S with |/| = r, take J = £ \ I = {ji, ■ ■ ■ , jn-r}, so |J| = n — r. 
Then ej Aej = (sgn /i)a;, in which /i E is the permutation that converts 
(1, 2, . . . , n) to (ii, . . . , ir, ji, . . . ,jn-r)- It IS easily seen that /x = /ii . . . /i^, 
where //^ is the permutation that takes ik from its position in (1,2,..., n) 
to its new position in {ii, . . . ,ir,ji, ■ ■ ■ ,jn-r)- One can see that jik is the 
combination of — (r — /c + 1) transpositions (k = 1, . . . , r). Thus 

fc=i 

where £{I) := Ylk=i ^k- Now take m = (") = J and let £'r = {e/i, . . . , 
^im} be a basis for A'^Z". Now write fn-r = {eji, • • • , ej^} as the basis for 
^n~rjn g^^]^ that Jk = £ \ Ik for A; = 1, . . . , m. From the above argument 
one can write 

since if i 7^ j then Ii n Jj / thus e/. A ej. = 0. Now let A = [aij]mxm 
and B = [bij]mxm be the corresponding integer matrices of A^d and A"~''d 
with respect to £r and £'„_r, respectively. So A^a{ei.) = Yl^=i^pi^ip 
A^~^a{ej.) = YlqLi ^qj^Jq- What we want to show is that A — I is equivalent 
to B — I. We have 

A" a{eu A ejj = {-l)''-'^^-'^ dijco = 

m 
p,q=l 

thus one obtains 

m 

(13) ^{-lY^''^-'^'^^ak^bkj=Sij. 

k=l 

Therefore if we take Cjj = (— l)^(^j )~^(^')ojj and C := [cij]mxm., then Cij—6ij = 
(_l)^(^)-^(^i)(a^.. _ §j.y^ therefore C — I is obtained from A — I by changing 
rows (and columns) and occasionally multiplying some rows (and columns) 
by -1. So C — I is equivalent to A — I. On the other hand, (13) means that 
CB = I. Thus C — I = C(B — l)(— I), hence B — I is equivalent to C — I. So 
A — I is equivalent to B — I . □ 

Corollary 6.9. If det a = 1, t/ien rankker(A''Q!— id) = rankker(A"'~''Q!— id). 
In particular, Un.r = o-n,n-r for r = 0, 1, . . . , n. 

Corollary 6.10. Let A := C(T^™'~"'^) Xq,Z for which the corresponding ho- 
momorphism a satisfies det a = 1. Then Kq{A) = Ki{A) and the (com- 
mon) rank of the K -groups of A is an even number. In particular, for every 
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Furstenberg transformation group C* -algebra Apj g of an odd- dimensional 
torus (including A.2m—i 

^0), one has Ko(^F;e) - Ki{Ap^g). 

Proof. Combining the preceding proposition and Proposition 16.11 one ob- 
tains 

m— 1 

Ko{A) ^ Ki{A) ^ [coker(A'=a - id) ker(A'=a - id)]. 

k=0 

As a result, the rank of the iT-groups of A is an even number since the ranks 
of the cokernel and kernel of an endomorphism coincide. Note that for Apj, ^ 
the corresponding integer matrix of a is an upper triangular matrix with I's 
on diagonal. Thus deto = 1. □ 

6.1. The rank a„ of the JiT-groups of An,9- In this part we study some 
general properties of o„. We specify some C*-algebras whose ranks of K- 
groups are related to the sequence {on}. As an application, we characterize 
the rank of the i^-groups of Furstenberg transformation group C*-algebras 
Apj, g and simple infinite dimensional quotients of C*(X'„), which were stud- 
ied in Sections 4 and 5. To this end, we remind the reader of some linear 
algebraic properties of nilpotent and unipotent matrices. 

Definition 6.11. Let ^ be a (complex) vector space. An e G EndcV^ is 
called nilpotent (respectively, unipotent) if e'^ = (respectively, (e— id)'^ = 0) 
for some positive integer k. The minimum value of k with this property is 
called the degree of e, denoted deg(e). 

As an example, every upper (respectively, lower) triangular matrix with 
zeros on the diagonal is nilpotent. Also, as defined above is a unipo- 
tent matrix of degree n. Note that all eigenvalues of a nilpotent (respec- 
tively, unipotent) matrix are zero (respectively, one). In particular, every 
unipotent matrix is invertible. Thus every unipotent endomorphism is an 
automorphism. 

Corollary 6.12. Let V be a finite dimensional complex vector space and e 
be a nilpotent (respectively, unipotent) endomorphism ofV. Then deg(e) is 
equal to the maximum order of its Jordan blocks. 

Proof. It suffices to prove the statement for the nilpotent case. Since all the 
eigenvalues of e are zero, each Jordan block is a zero matrix of order one or 
in the form 

1 ••• 

1 : 

■•. ■•. ■•. 

: 1 

••• 

which is a nilpotent matrix and its degree is the same as its order, which is 
greater than 1. Now the rest of proof is clear. □ 
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Definition 6.13. Let y be a finite dimensional complex vector space and 
e G Endc^^ be nilpotent (respectively, unipotent). We say that e is of 
maximal degree if deg(e) = diml/. 

Corollary 6.14. Let V be an n-dimensional complex vector space and e € 
EndcV^ be nilpotent (respectively, unipotent). Then deg(e) < n. If deg{e) = 
n, the Jordan normal form of e is the following matrix of order n 

"0 1 ••• " 
1 : 

■■. ■•• ■•• • 

: 1 

. • • • . 

In particular, all nilpotent (respectively, unipotent) matrices of maximal de- 
gree acting on V are similar. 

Proof. Use the preceding corollary and the Jordan normal form theorem. □ 

Example 6.15. Let B = \bij\nxn be any upper triangular matrix whose 
diagonal elements are all zero (respectively, one) and whose entries 
for i = l,...,n — 1 are all nonzero. Then B is nilpotent (respectively, 
unipotent) of maximal degree. In fact, let n be the order of B and let 
b := YYi=i which is a nonzero number. Then one can easily see that 

B" = (respectively, (B - I)" = 0) and B"-i (respectively, (B - l)"-i) is 
a matrix with b appearing in the northeast corner and zeros elsewhere. So 
deg(B) = n i.e., B is of maximal degree. 

As a useful conclusion, we compare the ranks of the i^-groups of C*- 
algebras of the form C(T") xIq Z in the following theorem, which shows the 
importance of the rank a„ of the i^-groups of An^e- 

Theorem 6.16. Let A := C(T") xi„Z, in which a is a homeomorphism o/T" 
whose corresponding integer matrix A G GL(n, Z) is unipotent of maximal 
degree (i.e. deg(A) = n). Then 

rankKo(A) = ranki('i(yl) = o„ = rank A''o(.4„,^6i) = ranki('i(^„^0). 

In particular, the rank of the K-groups of any Furstenberg transformation 
group C* -algebra Ap^. ^ = C(T") v^p^ ^7L is equal to the rank of the K-groups 
of An,e, i-e. to an- 

Proof. Let a denote the restriction of a* to Z" and A be the corresponding 
matrix of a acting on Z". Also let S„ be the corresponding matrix for An.e- 
Now A is assumed to be unipotent of maximal degree, and S„ is unipotent 
of maximal degree too. So the last corollary yields that A is similar to 
S^. In fact the Jordan normal form of A — I is precisely S„ — I. On the 
other hand, from Corollary 16. 2( we know that the rank of the ii'-groups 
of A is equal to rankker(A*A — I). But the similarity of A and yields 
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the similarity of A*A — I and A*S„ — I as matrices acting on A*C'^. So 
dimcker(A*A — I) = dimcker(A*Sn — I), which yields the result. 

For the second part, note that the corresponding integer matrix of a 
Furstenberg transformation Ff^g on is of the form 



(^) 



bi2 
1 



bi3 

b23 



bin 



bn—l.n 
1 



which, following the preceding example, is unipotent of maximal degree since 
bi,i+i 7^0fori = l,...,n — 1. Now the proof of the first part yields the 
result. □ 



Remark 6.17. In the preceding theorem, the basis for for the matrices 
involved is {ei, . . . , e„}, where := [vi]i as introduced at the beginning of 
Section 6. But it is interesting to observe that if a is an arbitrary unipotent 
automorphism of Z", then there is a basis for Z*^ with respect to which the 
integer matrix A of a is of the form Cv") above (but not necessarily with 
bi^i+i / Ofori = l,...,n — 1, unless a is of maximal degree) |H1 Theorems 
16, 18]. The unipotence of a also has important effects on the dynamics 
of the generated flow. For example, if a is an affine transformation on T" 
and a is unipotent, then the dynamical system (T",a) has quasi-discrete 
spectrum jSl Theorem 19]. More generally, let a = (t, A) be an affine trans- 
formation on and take Zp{A) = ker(AP — id) C Z" for p G N and consider 
the following conditions 



(1) Zi(A) = Zp(A), VpGN, 

(2) t is rationally independent over Zi(A), i.e., if = (fci,...,fc„) G 
Zi(A) is such that {t,k) := Yl^=i^j^j ^ rational number, then 
k = 0. 

(3) Zi(A)'^{0}, 

(4) A is unipotent. 



Then (T",a) is ergodic with respect to Haar measure if and only if a satis- 
fies (1) and (2) |S]. Moreover, if a satisfies (1) through (4), (T",a) is mini- 
mal, uniquely ergodic with respect to Haar measure, and has quasi-discrete 
spectrum. Conversely, any minimal transformation of T*^ with topologically 
quasi-discrete spectrum is conjugate to an affine transformation which must 
satisfy (1) through (4) [H]. The C*-algebras corresponding to such actions 
are therefore simple and have a unique tracial state. 
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Corollary 6.18. Let A be a simple infinite dimensional quotient of C*{Dn)- 
Then rankKo^A) = lankKi(A) = On-i for some i € {0,1,..., n — 1}, 
determined by the isomorphism A = C(Yj x T""*) xi^- Z in Theorem 14. 2L 

Proof. It was proved in Section 5 that A is isomorphic to a matrix algebra 

(n) _ ■ 

over a Furstenberg transformation group C*-algebra Bf ' on T*^"* for some 

suitable i. So Kj{A) = Kj{B^'^) for j = 0, 1. The rest of proof is clear from 
the preceding theorem. □ 

We will see in Proposition IH.HHl below that {a„} is a strictly increasing 
sequence. Therefore the preceding corollary is a first step towards the clas- 
sification of the simple infinite dimensional quotients of C*(S)„) by means 
of i^'-theory. But as is seen, the rank of the i^-groups can not distinguish 
the algebras in the same "level" (i.e. those algebras that are included in 
the same case (i) in Section 5, but with different values of the parameters). 
The other powerful X-theoretical object that helps us do this is the trace 
invariant, i.e. the range of the unique tracial state acting on the Xo-group. 

Proposition 6.19. Suppose A = C(Yj x T""*) x^- Z is a simple infinite 
dimensional quotient of C*{Dn) as in Theorem 14. 2L Then A has a unique 
tracial state f and f^,K(){A) = ^(Z + Zi?j), where Ci = |Yj| and e^'^*'^* = 

Q = { — l)^^~^^rjf' as in Lemma 15.61 and Theorem 15.81 

Proof. Following Theorem 15. 8| A is isomorphic to Mci{B^^^) = Mc- (C) 
B^'^\ where B^^^ is the simple C*-algebra generated by (CR)^^ for Q = 
(-l)'^'+^r?f\ By Corollary O sj"^ has a unique tracial state r and 
nKoiB'^"^) = Z + Z-di, where e^'^*''" = Ci [H Theorem 2.23]. Thus A 
has the unique tracial state f = (^Tr) r, in which Tr is the usual trace 
on Mc,(C), and so nKo{A) = ^(Z + Z?9i) [H Lemma 3.5]. □ 

Corollary 6.20. An,e — •^n',e' if, and only if, n = n' and there exists 
an integer k such that 6 = k ± 9' . More generally, let A^^^ = C(Yj x 
T"~*) X0- Z be a simple infinite dimensional quotient of C*{Dn) with the 
structure constants A, /ii, . . . , /Xj as in case (i) of Section 5 and let A^^ ■* = 
C(Y'j/ X T" ~* ) x^/ 7j be a simple infinite dimensional quotient of C*{T)n') 
with the structure constants X' , fj,'i, . . . , fx'-, . Suppose that Ci = \Yi\ and 
C[, = |Y'i/|. Then Af^ ^ A^'^ if, and only ifn-i = n'-i',Ci = C[, and 



or 
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Proof. Use the proposition and the fact that is a strictly increasing 

sequence (see Proposition 16.331 below) . Note that 

□ 

Remark 6.21. Note that Cj = |Yj| is completely determined by the struc- 
tural constants A, /ii, . . . , /ij-i (which are roots of unity). More precisely 

d = min{r G N | A*" = \(^) fi"; = ... = A(^)/iH'VF'^ • • • /"I-i = !}■ 
As an example, see |18| Lemma 5.4]. 



6.2. Some combinatorial properties of an^r- As mentioned before, our 
main goal is to describe a„ as the rank of the i^-groups of An,e- Since an = 
Ylr=o ^n,r, wc study an,r first. So this part is devoted to some combinatorial 
properties of an,r as the rank of ker(A''a — id) for r = 0, 1, . . . , n. In other 
words we show that On,r equals the number of partitions of [r(fi -|- l)/2] 
to r distinct positive integers not greater than n. To do this, we will use 
properties of the irreducible representations of the semisimple Lie algebra 
512(C). First, we need some more elementary properties of nilpotent linear 
mappings. 

Lemma 6.22. Let V be a complex vector space and e G Endcl^ be nilpotent 
of degree k. Then exp(e) is unipotent of degree k. Moreover, exp(e) — id is 
similar to e. 

Proof. For the first part, we know that exp(e) — id = i+e^ /2\-\-. . .+e^~^ / {k — 
1)! = euj, where w := id + e/2! + . . . + e^~'^ /{k — 1)! commutes with e and is 
invertible since it is unipotent. So, (exp(e) — id)*^' = (ei^)'' = e^uj'' for each 
positive integer r. Thus exp(e) — id is unipotent with the same degree of 
e. For the second part, using the Jordan normal form of e, it is sufficient 
to prove the statement for the special case when e is a Jordan block with 
zeros on the diagonal. Since in this case e is of maximal degree, by the first 
part, exp(e) — id is also of maximal degree. Therefore they are similar by 
Corollary 6.3. □ 

Let V be an arbitrary (complex) vector space and (f) -.V he a. linear 
mapping. Then (f) can be extended in a unique way to a homomorphism 
A> : k*V A*V such that A*(^(l) = 1, yielding 



A*(f){xi A . .. AXp) = (i>{xi) A ... A (f>{xp) (xj G V). 
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Also, (j) can be extended in a unique way to a derivation T)*(j) : A*V A*V, 
yielding 

p 

V*(j){xi A . . . A Xp) = ^ xi A . . . A (f){xi) A . . . AXp { p >2,Xi eV). 

i=l 

Let's define A^cp := A*0|a'-\/ and V^cj) := V*(p\/^rY as induced linear map- 
pings on the r-th exterior power of V (r > 0). Then we have 

r>0 r>0 

Lemma 6.23. With the above notation, if (p : V ^ V is nilpotent, A^(j) 
and V^cj) are also nilpotent for r > 1. If V is finite dimensional, T>*(j) is 
nilpotent. 

Proof. Assume that = for some t G N. We have (A'^'(^)*(xi A ... A Xr) = 
4)^{xi) A ... A ^^{xj.) = so {A'^4'Y = and A^cj) is nilpotent. For V^4> we 
know that V^cp^xi A ... A Xr) = Yl\=i xi A . . . A (j){xi) A ... A and one can 
deduce that 

)!_ 

(n)! 

fe>0) 

Now since ii + . . . + v = p, there exists an ij with ij > p/r. So if p > rt 
then = and D'^c^P = 0. Thus Vcpis nilpotent. 



V4:P{xiA...AXr)= Yl /.^^Z' (■ ^, 0'^a:i A... A(^^'-Xr 

il+...+ir=p 



For the next part, let m := diml/. Since P*0 = 0^0^*^*?^ = 0, 

from the first part we have = and 'D*(j) is nilpotent too. □ 

Lemma 6.24. Let (j) : V ^ V be a nilpotent linear mapping. Then 

exp{V*4>) = A*exp{4>) 

on A*V. 
Proof. We have 

exp(r'*0)(xi A . . . A Xr) = 4^''(^(xi A ... A x,.) 

^-^ pi 

p>0^ h + ... + ir=p^ ' ^ ' 

(ij>0) 



C*-ALGEBRAS FROM ANZAI FLOWS 35 

= (exp((/))j;i) A ... A {exp{(j))xr) 
= A* exp((/))(xi A ... A Xr), 

which yields the result. Note that all sums in the above equalities are finite 
according to the previous lemma. □ 

Remark 6.25. The nilpotence of (j) is not necessary in the preceding lemma. 
In fact, one may use the definition of exp : gl{A*V) — > GL(A*y). More 
precisely, define s : R ^ GL{A*V) by s{t) = A*exp(t(/)). Then one may 
check that s is the 1-parameter subgroup generated by 'D*(f> (i.e. s(0) = 
'D*(f)) and s(l) = A* exp{(f>). 

Corollary 6.26. Let cf) : V ^ V be a nilpotent linear mapping. Then for 
r > 0, exp(D'"0) = A''exp((/)) on A^V. In particular, if e := </> + id, then 
A^i — id is similar to V'tp. 

Proof. The first part follows immediately from the lemma. For the second 
part, we know from Lemma 16.221 that exp(i^) — id is similar to cj), hence 
exp(i?i) is similar to (/> + id = e. So 

A^e - id ~ A*" exp((^) - id 
= exp(P^(^) - id 

□ 

Proposition 6.27. Let a he the Anzai transformation on T" and he the 

corresponding induced homomorphism on K^{C{T^)) = A*Z". Let a he the 
restriction ofa^ to and consider the linear mapping a0l onV :=Z"(8)C. 
Take = a 1 — id and T>^\p = T>*(p\\ry as above. Then 

0'n,r = rankker(A''(T — id) = dimker 

Proof. Using the preceding corollary one has A''((7 eg) 1) — id V^ip. There- 
fore 

rankker(A^<T — id) = dimker(A''(<T (8> 1) — id) = dimker 

□ 

Now, to compute an,r as explicitly as possible, we find a connection to rep- 
resentation theory of s[2(C). First, we recall some definitions and properties. 

Let sl2(C) denote the special linear algebra over 

sl2(C) := {a e A/2(C) | tr{a) = 0}. 
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We know that s[2(C) is a 3-dimensional semisimple complex Lie algebra. 
One can check that 



5S := {h : = 



" 1 " 




" 1 ■ 


,/:= 


"00" 


-1 


,e := 





1 



is a basis for this Lie algebra. Let V be an n-dimensional complex vector 
space with a basis {ei, . . . , e„}. The following equalities for i = 1, . . . , n 
define a representation 7r„ : 5(2 (C) — > qI{V) 

(a) TTn{h)ei = {2i-n - l)ei 

(b) 7r„(e)ei = i(n - i)ei+i; (e„+i := 0) 

(c) vr„(/)ei = Ci-i] (eo := 0). 

So, the relationship between our topics becomes clear. In fact, we know that 
(j(ej) = e, + ej_i. Thus (p{ei) = ej_i , and hence if = TTnif)- 

Now recall the following theorem |1H p. 33]. 

Theorem 6.28. Let Tin be the representation described above. Then 

(i) TTn is an irreducible representation o/sl2(C). 

(ii) Any n-dimensional representation o/s 12(C) is equivalent to TTn. 

(iii) Suppose V is any finite dimensional 5i2{C) -module and define 

Va = {v & V \ h.v = a v} 

for a € C. Then V decomposes into a direct sum of irreducible 
submodules and in any such decomposition, the number of summands 
is precisely dimVo + dimV^i. 

For convenience, put vr = 7r„ and extend vr to vr'" : 5(2 (C) — > gi^A^V) with 
vr^ = TT. More precisely, for every X G 5 [2(C), define 

7t''{X){viA. . .AVr) = {TT{X)vi)AV2f\...AVr + ... + ViA...AVr^lA{7r{X)Vr). 
ThusV'ip = TT''{f). 

Now we are ready to compute a^.r = dimker which is essential for 
studying the rank a„ of the -ftT-groups of An^e- We need some notation first. 

Notation 6.29. Let n, k, r be positive integers. -P(n, r, k) denotes the num- 
ber of partitions of A; to r distinct positive integers not greater than n. In 
other words 

P{n, r, k) = card{(ii, . . . ,ir) \ ii + . . . + ir = k^l < ii < . . . < i^ < n}. 

We conventionally take P(n, 0, 0) = 1 and P(n, r, 0) = P{n, 0,k) =0 for 
r,k>l. 

Proposition 6.30. With the above notation, dimker (p = P{n,r, [r(n + 
l)/2]), in which [x] denotes the greatest integer not greater than x. 
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Proof. Following Weyl's theorem jlH p. 28], ir^' is completely irreducible, 
which means that A^y = 0^=1 Wp, where the Wp's are 7r''-invariant irre- 
ducible subspaces of A^V and is the number of such subspaces, which 
following the preceding theorem is equal to dim Eq + dim Ei , where Ej = 
{v G A^'V I 7r''{h)v = jv}. On the other hand, kerVip = kei:{V ip\wp), 
hence dim ker = ^^^-^ dimker(P''(^|vyp) = N, since dimker(P''(^|vi/p) = 
1 , so dimker = dimE'o + dimi?i. To compute the last term, note that 
from the preceding theorem we have 

TT''{h){ei, A . . . A CiJ = {2{ii + . . . + v) - r(n + l))ei, A . . . A 

so for even r(n + 1), Ei = {0} and dimE'o = PiTi-i '''j ^{n + 1) /2) and for odd 
r(n + 1), £^0 = {0} and dimi^i = P{n,r,r{n + l)/2 — 1). To summarize, 
dimkerD''(^ = iV = dim^o +dim£;i = P{n,r,[r{n + l)/2]). □ 

Therefore, as the main result of this part, we have the following theorem. 

Theorem 6.31. a„^r = Pi^, r, [r(n + l)/2]) for r = 0, 1, . . . , n. 

Proof. Use Propositions 6.4 and 6.5. □ 

As a result, we can prove that {an} is a strictly increasing sequence. We 
need a lemma first. 

Lemma 6.32. P{n + l,r,k + s) > P{n, r, k) for s = 0, 1, . . . , r. 

Proof. For s = 0, the proof is clear. Now let 1 < s < r and suppose that 
(ji, . . . ,jr) is a partition of k such that 1 < ji < ■ ■ ■ < jr 1^ n. Now define 
iq ■= jq for 1 < q < r — s and iq := jq + 1 for r — s + 1 < q < r. Then 
(ii, . . . , ir) is a partition oi k + s and 1 < ii < . . . < v < n + 1. Thus 
P{n+l,r,k + s)>P{n,r,k). □ 

Proposition 6.33. {a„} is a strictly increasing sequence. 

Proof. First note that 0^,0 = On,n = -f'l'^i 0, 0) = P(n,n,n(n + l)/2) = 1 
and from the preceding theorem we have a„ = X]r=o -^("'' '''' ['^('^ + 
Now we prove that for every m G N, a2m+i > a2m > a2m-i- Applying the 
lemma to the terms of the following equalities yields the result. 

m 

a2m+l = 1 + X] ^(^"^ + ^' ^^"^ + ^'^) + 
r=0 

m—1 



^ P(2m + 1, 2r + 1, 2rm + 2r + m + 1), 



r=0 

m m—1 

«2m = P{2m, 2r, 2rm + r) + P{2m, 2r + 1, 2rm + m + r) 

r=0 r=0 

m—1 m—1 

= 1 + P(2m, 2r, 2rm + r) + P{2m, 2r + 1, 2rm + m + r) 

r=0 r=0 
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m— 1 m— 1 

a2m-i = X] - 1, 2r, 2rm) + ^ P(2m - 1, 2r + 1, 2rm + m). 

r=0 r=0 

□ 

6.3. Generating functions for a.„. In this part, we express the rank of 
the -fC-groups of Anfi as exphcitly as possible. In fact, we present them as 
the constant terms in the polynomial expansions of certain functions. First 
of all, we need the following basic lemma. 

Lemma 6.34. Let P{n,r,k) denote the number of partitions of k to r dis- 
tinct positive integers not greater than n. Then P{n,r,k) is the coefficient 



if u'^t in the polynomial expansion of Fn{u,t) := YVi=ii^ + nt*). In oth 



er 



words 



Proof. 



P{n,r,k)u''t^ = \[{l + ut'). 

r,k>0 i=l 



i=l r=l (ii,. ..,«,.) 

l<ii<...<V<n 

n 

,k 



l+^'Y^P{n,r,k)u''t'' 

r=l k>l 

P{n,r,k)uH'' 



r,k>0 



□ 



Now, we have the following expressions for the rank Un of the i^-groups 
of An,e- 

Theorem 6.35. Let an = ranki^o(-4.„,e) = ^snak Ki(An,e) ■ Then 



• for odd n, an is the constant term in the polynomial expansion of 

n 

1=1 

• for even n, an is the constant term in the polynomial expansion of 

n 
1=1 

Proof. We know that a„ = Ylr=o^n,r and an,r = P{n,r, [r(n + l)/2]). Now 
let n = 2m — 1 be an odd number. So, an = '^r=o PC^i^ — 1; rm). Take 
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y = uf^. From the preceding lemma, we have 

2m- 1 

1=1 r,k>0 

SO for y = 1 we have 

n 2m— 1 

jj(i + f-"^) = n + = Yi ^(^"^ ~ 

i=l i=l r,k>0 

which yields the result. 



For even n, say n = 2m, we have 

2m 

Pilm,. r. \r(m, -I- 



2m ^ 
a2m = P(2m, r, [r(m + -)]) 



r=0 

m m— 1 

= ^ P(2m, 2r, r(2m + 1)) + ^ P(2m, 2r + 1, 2rm + m + : 

r=0 r=0 

First, let's determine A^- Note that from the lemma we have 

2m 2m 



i=l i=l r,k>0 



^ 2m 2m 



r,k>0 

If we define y := u^t^"*"''^, we have the following identity 

2m 2m 

2 ' 

1=1 1=1 

P(2m,2r,fc)y'"t^-'"(2'»+i), 

r,k>0 

which for y = 1 yields 

^ 2m 2m 

i=l i=l r,k>0 

hence Am is the constant term in polynomial expansion of 

2m 2m 

2 ' 



^ 2m 2m 



i=l i=l 
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Similarly, for we have 

2m 2m 



i=l i=l r,k>0 

P(2m, 2r + 1, A;)'u2'-+4'= 



r,k>0 

If we define := we have the following identities 

2m 2m 

2 



^ P(2m,2r + l,A;)y2'-+it 



i=l i=l 

k—{2rm+r+m) — -^ 



- 2 

r,fc>0 

^fc— (2rm+r+m) 

r,k>0 

which for y = 1 yields 



y {11(1 + ^-("^+1)) - - 



i=l 1=1 

^ P(2m,2r + 1, fc)t^-(2'^'"+^'+"'), 

r,fc>0 

hence is the constant term in the polynomial expansion of 



i=l 1=1 

Therefore a„ = a2m = ^m + is the constant term in the polynomial 
expansion of 



1 2m 2m 



^ 2m 2m 
^{]J(1 + + JJ(1 - f -("^+5)) 



i=l j=l 

1 2m 1 2m 

+ y 11(1 + f - y 11(1 - f 

or equivalently, the constant term in the polynomial expansion of 

^{(1 + Z) + ^2-(2.n+l)) ^ _ ^) -Q^^ _ ^2^-(2m+l))^^ 

i=l i=l 

or equivalently, the constant term in the polynomial expansion of 

2 m 

(i+z)n(i+^'*"^'™+'^), 

i=l 
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or equivalently, the constant term in the polynomial expansion of 

2m 
1=1 

which yields the result. □ 

One can use this theorem to determine the asymptotic behavior of a„. 
Corollary 6.36. a„ ~ (^)52"n~i when n ^ oo. 

7. Concluding remarks 

(1) The torsion parts of the X-groups of An,e seem much more difficult 
to describe explicitly in terms of n. Nevertheless, it is an inter- 
esting problem to find such descriptions. It is of interest to com- 
pute the ii'-groups of An,e (or more general algebras Ap^g), since 
in the class of C*-algebras generated by uniquely ergodic minimal 
diffeomorphisms on a compact manifold, X-theory is a complete in- 
variant. More precisely, suppose that M is a connected compact 
smooth manifold with dim(M) > and /i : M — > M is a uniquely 
ergodic minimal diffeomorphism, and put A := C{M) X/^Z. Let r be 
the trace induced by the unique invariant probability measure, and 
assume that t^:Kq{A) is dense in M. Then the 4-tuple 

{Ko{A),Ko{A)+,[1a],Ki{A)) 

is a complete algebraic invariant (called the Elliott invariant of A) 
jl5j . In this case, A has stable rank one, real rank zero and tracial 
topological rank zero in the sense of H. Lin ^3]. The order on Kq{A) 
is also determined by the unique trace r. 

(2) The method used in section 6 above for computing the i^-groups of 
the transformation group C*-algebras of the tori may be extended to 
more general settings. Let G be a compact connected Lie group with 
-7ri(G) torsion- free. Then K*{G) is torsion- free and can be given the 
structure of a Z2-graded Hopf algebra over the integers ^Oj . More- 
over, regarded as a Hopf algebra, K*[G) is the exterior algebra on the 
module of the primitive elements, which are of degree 1. The module 
of the primitive elements of K*{G) may also be described as follows. 
Let U{n) denote the group of unitary matrices of order n and let 
U := L)^^iU{n) be the stable unitary group. Any unitary represen- 
tation p : G ^ U{n), by composition with the inclusion U{n) C U, 
defines a homotopy class (3{p) in [G, C/] = K^{G). The module of 
the primitive elements in K^{G) is exactly the module generated 
by all classes P{p) of this type. If in addition, G is semisimple and 
simply connected of rank /, there are / basic irreducible represen- 
tations pi, . . . , pi, whose maximum weights Ai, . . . , A/ form a basis 
for the character group T of the maximal torus T of G and the 
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classes /3(pi), • • • , (3{pi) form a basis for the module of the primitive 
elements in K^{G) and K*{G) = h*{(5{pi), . . . ,/3{pi)). In any case, 
to compute K^,{C(G) Xa ^)) it is sufficient to determine the homo- 
topy classes of a o p for irreducible representations /? of G in terms 
of/3(p)'s. 

(3) There is a relation between the iT-theory of transformation group 
C*-algebras of the tori and the topological JT-theory of compact 
nilmanifolds. In fact let a = {t, A) be an affine transformation on 
T*^ satisfying the conditions (1) through (4) in R.emark 16.171 Then 
it has been shown in [S] that a is conjugate (in the group of affine 
transformations of T") to the transformation a' = (t',A'), where A' 
has an upper triangular matrix whose bottom right k x k corner is 
the identity matrix 1^ and t' = (0, . . . ,0,t[, . . . , t'f^). a' is called a 
standard form for a [^. Assume that a is given in standard form. 
J. Packer associates an induced flow {M,N/T) to the flow (Z,T'") 
generated by a, where is a simply connected nilpotent Lie group 
of dimension n + 1, T is a cocompact subgroup of N, and the action 
of M is given by translation on the left by exp sX for s G M and some 
X S n, the Lie algebra of N. One of the most important facts is 
that the C*-algebra C(A^/r) M corresponding to the induced flow 
is strongly Morita equivalent to C(T") Xq, Z 12211 Proposition 3.1]. 
Consequently, one has 

Ki{C{T'') >^a^) = Ki{e{N/V) x^ M) ^ K^-\N/T); i = 0, 1. 

The second isomorphism here, is the Connes' Thom isomorphism. So 
the i^T-theory of C(T") x^^Z is converted to the topological AT-theory 
of the compact nilmanifold N/V. Following the proof of Proposition 
3.1 in |22j . one can conclude that for the special case of the Anzai 
flows, N = Fn-i and T = Dn-i which were defined in Section 2. 
On the other hand, following [271 Theorem 3.6], one has the following 
isomorphism 

Ki{C*{T)) ^ K^+"+i(Ar/r); i = 0, 1. 

Combining (14) and (15) one gets 

if,(C(T") X, Z) ^ K'+\N/T) ^ K,+n{C*{T)y, i = 0,l. 

Using the above isomorphisms, one can relate the algebraic invari- 
ants of the involved C*-algebras and topological information about 
the corresponding nilmanifold. For example, since N/T is a classify- 
ing space for F, one has the following isomorphisms 

H^^{N/T) ^ H*{N/T,R) ^ iJ*(F,M) ^ H*{N,R) ^ H*{n,R), 
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where H^j^^(N /T) denotes the de Rham cohomology of the manifold 
N/T, H*{N/T,R) denotes the Cech cohomology of N/T with coeffi- 
cients in M, H*(T, M) denotes the group cohomology of T with coeffi- 
cients in the trivial F-module M, H* {N, M) denotes the Moore coho- 
mology group of (as a locally compact group) with coefficients in 
the trivial Polish A^-module M, and H*{n, M) denotes the cohomology 
of the Lie algebra n with coefficients in the trivial n-module M. Now 
using the Chern isomorphisms cho : K^{N/T)^Q ^^™''(A^/r, Q) 
and chi : K'^{N/r) (g) Q H°'^'^{N /r,Q), one concludes that the 
even and odd cohomology groups stated in (17) are all isomorphic 
to M'^, where k is the (common) rank of the iT-groups of C(T") x^Z 
as in Corollary 16.21 As an example, if = Fn-i, T = Dn-i, and 
n = fn-i, then the even and odd cohomology groups stated in (17) 
are all isomorphic to M"" , where is the rank of the i^-groups of 
An,g that was studied in detail in Section 6. 

Conversely, one may use the topological tools for N/T to get some 
information about C(T") Z and C*{T). For example, we know 
that N/T as a compact nilmanifold can be constructed as a princi- 
pal T-bundle over a lower dimensional compact nilmanifold ^ . Then 
we can compute the topological iT-groups of N/T using the six term 
Gysin exact sequence ^1 IV. 1.1 3, p. 187]. As an example, one 
can see that is a principal T-bundle over i<^„_2/2)„_2, 

and the corresponding Gysin exact sequence is in fact the topologi- 
cal version of the Pimsner-Voiculescu exact sequence for the crossed 
product An,e — -An-ifi XI Q, Z as in Theorem 13.11 
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